Abstract. We study the curve in R m for which the ratios between two consecutive curvatures are constant (ccr-curves). We show that closed ccr-curves in Euclidean space R m are of finite type. We also consider Frenet curves with constant harmonic curvatures and show that an immersed curve in R 2n+1 with constant harmonic curvatures H i at point γ(s 0 ) has a Darboux vertex at that point.
INTRODUCTION
Let γ = γ(s) : I → R m be a regular curve in R m (i.e. γ is nowhere zero), where I is an interval in R. The curve γ is called a Frenet curve of rank r (r ∈ N 0 ) if γ (t), γ (t), ..., γ (r) (t) are linearly independent and γ (t), γ (t), ..., γ (r+1) (t) are no longer linearly independent for all t in I. In this case, Im(γ) lies in an r-dimensional Euclidean subspace of R m . For each Frenet curve of rank r there occur an associated orthonormal r-frame {E 1 , E 2 , ..., E r } along γ, the Frenet r-frame, and r − 1 functions κ 1 , κ 2 , ..., κ r−1 :I −→ R, and the Frenet curvatures, such that
where v is the speed of the curve. In fact, to obtain E 1 , E 2 , ..., E r it is sufficient to apply the Gram-Schmidt orthonormalization process to γ (t), γ (t), ..., γ (r) (t). Moreover, the functions κ 1 , κ 2 , ..., κ r−1 are easily obtained as by-product during this calculation. More precisely, E 1 , E 2 , ..., E r and κ 1 , κ 2 , ..., κ r−1 are determined by the following formulas [8] :
;
, 
The notion of a generalized helix in R 3 , a curve making a constant angle with a fixed direction, can be generalized to higher dimensions in many ways. In [14] , the same definition is proposed in R m . In [9] , the definition is more restrictive: the fixed direction makes a constant angle with all the vectors of the Frenet frame. It is easy to check that the definition only works in the odd dimensional case. Moreover, in the same reference, it is proven that the definition is equivalent to the fact that the ratios
, ..., κ i being the curvatures, are constant.
In [15] Uribe-Vargas proved that the immersed curve in R 2n+1 , n 1 has a Darboux vertex at point γ(s 0 ) if and only if (
Recently, Monterde [11] has considered the Frenet curves in R m which have constant curvature ratios (i.e.,
... are constant). The Frenet curves with constant curvature ratios are called ccr-curves. In the present study we prove that if the harmonic curvatures H i of the immersed curve in R 2n+1 are constant at point γ(s 0 ), then γ has a Darboux vertex at that point.
We also prove that every closed ccr-curve is of finite type. A unit speed W-curve of rank 2k in R m has the parameterization of the form
W-CURVES
and a unit speed W-curve of rank (2k + 1) has the parameterization of the form
So, a W-curve of rank 1 is a straight line, a W-curve of rank 2 is a circle, and a W-curve of rank 3 is a right circular helix.
The subset of R 2n parameterized by
where u i ∈ R, is called a flat torus in R 2n .
By analogy, the subset of R 2n+1 parameterized by
where u i ∈ R and a is a real constant, will be called a flat torus in R 2n+1 . We give the following examples.
Example 1. Any curve in a flat torus of the kind
has all its curvatures constant (i.e. W-curve). These curves are the geodesics of the flat tori and it is proven in [13] that they are twisted curves if and only if the constants m i = m j for all i = j. For closed twisted curves see also [13] .
Example 2. (Helices in S 3 ) Let S 3 be the unit 3-sphere imbedded in the Euclidean 4-space E 4 . A model helix in S 3 ⊂ E 4 is given by γ(s) = (cos φ cos(as), cos φ sin(as), sin φ cos(bs), sin φ sin(bs)),
Here s is the arclength parameter. It is easy to see that γ lies in the flat torus: 
If x is of finite type, each coordinate function x i satisfies the following homogeneous ordinary differential equation with constant coefficients: Thus, using the above theorems, we have the following corollary.
Corollary 2. Every closed k-type curve γ in R m can be written in the form
where T (x) = {t 1 From (1) and (2) we obtain the following corollary. 
GENERALIZED HELICES
In the present section we give some well-known definitions of harmonic curvature and Darboux vertex of a curve in R m . We prove that the immersed curve in R m with constant harmonic curvatures H i at point γ(s 0 ) has a Darboux vertex at that point.
Definition 2. Let γ : I ⊂ R → R m be a regular curve of rank r with unit speed. For 2 ≤ j ≤ r − 2, the functions H j : I → R defined by
are called the harmonic curvatures of γ, where κ 1 , κ 2 , ..., κ r−1 are Frenet curvatures of γ which are not necessarily constant and ∇ is the Levi-Civita connection [12] . For more details see also [1] .
Definition 3. The unit speed Frenet curve of rank r is called general helix of order
where c is constant [12] .
By the use of (3) and (4) we get the following result. 
where t = γ (s), n 1 , n 2 , ..., n 2n is the Frenet frame of γ [15] . 
Proof. Let γ be a smoothly immersed curve in R 2n+1 . If γ has a Darboux vertex at γ(s 0 ), then by Lemma 6 we get a 0 = 0, a 1 = 0, ..., a n = 0. By Definition 4 we get the result.
By Proposition 5 and Theorem 7 we get the following results. , ...,
are constant. So, taking the derivatives of the ratios
, ...,
with respect to s, we obtain (5). Using Theorem 7, we complete the proof. 
CURVES WITH CONSTANT CURVATURE RATIOS
A curve γ = γ(s) : I → R m is said to have constant curvature ratios (ccr-curve) if all the quotients κ i+1 κ i are constant [11] .
As is well known, generalized helices in R 3 are characterized by the fact that the quotient τ κ is constant (Lancret's theorem). It is in this sense that ccr-curves are generalization to R m of generalized helices in R 3 .
In [9] a generalized helix in the m-dimensional space (m odd) is defined as a curve satisfying that the ratios
, ... are constant. It is also proven that the curve is a generalized helix if and only if there exists a fixed direction which makes constant angles with all the vectors of the Frenet frame.
Obviously, ccr-curves are a subset of generalized helices in the sense of [9] . 
